
INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN FLUIDS
Int. J. Numer. Meth. Fluids 2005; 47:19–43
Published online 28 October 2004 in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/�d.800

A promising boundary element formulation for
three-dimensional viscous �ow
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SUMMARY

In this paper, a new set of boundary-domain integral equations is derived from the continuity and
momentum equations for three-dimensional viscous �ows. The primary variables involved in these
integral equations are velocity, traction, and pressure. The �nal system of equations entering the iteration
procedure only involves velocities and tractions as unknowns. In the use of the continuity equation,
a complex-variable technique is used to compute the divergence of velocity for internal points, while
the traction-recovery method is adopted for boundary points. Although the derived equations are valid
for steady, unsteady, compressible, and incompressible problems, the numerical implementation is only
focused on steady incompressible �ows. Two commonly cited numerical examples and one practical
pipe �ow problem are presented to validate the derived equations. Copyright ? 2004 John Wiley &
Sons, Ltd.

KEY WORDS: viscous �ow; continuity equation; Navier–Stokes equations; boundary element method
(BEM); domain integral

1. INTRODUCTION

The equations governing the motion of a viscous �uid are the continuity equation express-
ing mass conservation, and the momentum equations expressing momentum conservation.
Due to the non-linearity of the convective terms appearing in the momentum equations,
numerical methods must be employed to solve complicated problems. The frequently used
numerical methods are the �nite di�erence (FDM) [1], �nite volume (FVM) [2] and �nite
element methods (FEM) [3].
The boundary element method (BEM) is a very elegant numerical method for dealing

with linear problems such as potential �ows, linear elasticity and viscous creeping �ows
(Stokes equations). The system of equations in linear BEM only involves boundary quantities
and their derivatives as unknowns and therefore only the boundary of the problem needs to
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be discretized into elements. For non-linear problems, domain integrals inevitably appear in
the boundary integral equations [4] due to the lack of fundamental solutions for non-linear
di�erential operators. As a result, the non-linear region of the domain needs to be discretized
into internal cells in order to evaluate the domain integral. Nevertheless, if the non-linear
region is not large, BEM is still an e�cient numerical tool. Moreover, BEM is very robust
in solving aerodynamics problems since the boundary conditions at in�nity are automatically
satis�ed [5].
The �rst integral equation analysis for the Navier–Stokes equations in terms of vorticity

and velocity was carried out by Wu and Thompson [6] through partitioning the mass and
momentum conservation equations into kinematic and kinetic parts. Similar works were con-
ducted by Skerget et al. [7] and Onishi et al. [8] using the vorticity-stream function integral
approach. In order to use the successfully established BEM theory from linear elasticity,
Kitagawa et al. [9] and Grigoriev and Fafurin [10] utilized the penalty function method to
solve incompressible �ow problems.
It seems that the most popular BEM formulations are those based on use of the Stokeslet

fundamental solutions [11]. The �rst use of the Stokeslet fundamental solutions in BEM is
attributed to the work by Bush and Tanner [12]. Di�erent computation of velocity gradients
appearing in the basic integral equations relates to the recent work by Aydin and Fenner
[13]. To avoid the calculation of velocity gradients, Tosaka and Onishi [14] and Tosaka and
Fukushima [15] integrated the domain integrals by parts to eliminate the velocity gradient
term. In order to set up a boundary-only integral equation scheme, Power and Partridge [16]
transformed the domain integrals of the convective terms into boundary integrals, employing
the dual reciprocity method initiated by Nardini and Brebbia [17]. Further improvement to
this technique refers to the works by Sarler and Kuhn [18], Power and Mingo [19] and Florez
et al. [20].
A di�erent type of BEM formulation was described by Dargush and Banerjee [21] for

solving two-dimensional thermoviscous �ow. In this formulation, a new set of fundamental
solutions is used and the velocity gradient is also removed through integration by parts.
A detailed description of this technique can also be found in the work by Banerjee and
Honkala [22].
To date, all the existing BEM formulations described above are established for incompress-

ible �ows. Very recently, Gao [23] presented a general BEM formulation for two-dimensional
viscous �ow based on a reciprocal theorem in Newtonian �ow. This formulation is expressed
in terms of velocity, traction and pressure and is valid for steady, unsteady, compressible
and incompressible �ows. And more attractively, through use of the continuity equation, the
pressure term can be explicitly eliminated from the �nal system of equations. Apart from
this, since no velocity gradients appear in the integral equations, powerful existing non-linear
equation solvers can be used to solve the �nal system and very fast convergence can be
achieved.
This paper is an extension of this method to three-dimensional (3D) problems with the

di�erence in that the basic integral equations are derived directly from the conservative form
of the momentum equations rather than from the reciprocal theorem of viscous �ow. More-
over, a new set of fundamental solutions for 3D problems is given and detailed formula-
tions for evaluation of the divergence of velocity at boundary points are presented for the
�rst time. Three examples are used to validate the correctness and e�ciency of the derived
formulation.
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2. GOVERNING EQUATIONS IN VISCOUS FLOW

The governing equations in �uid mechanics can be derived from the conservation laws of
mass, momentum, and energy [24]. In this paper, only the �rst two are concerned. The
conservation of mass results in the continuity equation

@�
@t
+
@�uk
@xk

=0 or
@�
@t
+ (�uk); k =0 (1)

where t is time, � the �uid density, and uk the kth velocity component. The repeated subscript
stands for summation and ( ); k = @( )=@xk .
The conservation of momentum gives

�
@uj
@t
+ �ukuj; k =�jk; k + �bj (2)

where bj is the body force per unit mass (e.g. the gravity force) and �jk the stress tensor.
For Newtonian �uids, the constitutive relationship between the stresses and velocities based
on Stokes’ hypothesis can be expressed as

�jk = − p�jk + �(uj; k + uk; j)− 2��jkul; l=3 (3)

in which p is the pressure, �ij the Kronecker delta function, and � the viscosity (constant).
On the �uid surface with outward normal nk , the relationship between the stress and the

traction tj (force per unit area) can be expressed as

tj=�jknk (4)

Based on these equations, a new and powerful boundary integral equation algorithm can be
established.

3. BASIC INTEGRAL EQUATIONS FOR VISCOUS FLUID FLOW

Using the continuity equation (1), the momentum equation (2) can be expressed in the
conservative form as

@�uj
@t

+ (�ujuk); k =�jk; k + �bj (5)

Multiplying both sides of the above equation by a weight function u∗
ij and integrating over

the domain � bounded with the boundary �, we have

∫
�
u∗
ij

{
@�uj
@t

+ (�ujuk); k

}
d� =

∫
�
u∗
ij{�jk; k + �bj} d� (6)
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Integrating equation (6) by parts and using divergence theorem, it follows that

∫
�
u∗
ij
@�uj
@t

d� +
∫
�
u∗
ij�ujuknk d�−

∫
�
u∗
ij; k�ujuk d�

=
∫
�
u∗
ij�jknk d�−

∫
�
u∗
ij; k�jk d� +

∫
�
u∗
ij�bj d� (7)

Substituting Equation (3) into the second integral on the right-hand side of the above equation
and repeating the application of the divergence theorem and integration by parts, we can obtain

∫
�
u∗
ij; k�jk d�=−

∫
�
u∗
ij; jp d� +

∫
�
t∗ijuj d�−

∫
�
�(u∗

ij; kk + u
∗
ik; kj=3) uj d� (8)

where

t∗ij=�(u
∗
ij; k + u

∗
ik; j − �jku∗

il; l2=3)nk (9)

Now we choose the weight function u∗
ij to be the fundamental solutions of the following

equations:

�(u∗
ij; kk + u

∗
ik; kj=3) + �(y − x)�ij = 0 (10)

where �(y − x) is the Dirac delta function of y at point x.
The fundamental solutions of Equation (10) for 3D problems can be derived as

u∗
ij(x; y)=

1
32��r

{7�ij + r;i r;j } (11)

where r is the distance between points x and y, and a particular notation is made here that
is r;i = @r=@yi=(yi − xi)=r.
Now substituting Equation (10) into the last integral of Equation (8) yields

∫
�
u∗
ij; k�jk d�=−

∫
�
u∗
ij; jp d� +

∫
�
t∗ijuj d� + ui(x) (12)

in which t∗ij can be expressed by substituting Equation (11) into (9) as

t∗ij(x; y) =
−3
16�r2

{nir;j −njr;i+(r;i r;j+�ij)nkr;k } (13)

Finally, substituting Equation (12) into Equation (7) and taking into account Equation (4),
we obtain

ui(x) =
∫
�
u∗
ij(x; y)tj(y) d�(y)−

∫
�
t∗ij(x; y)uj(y) d�(y)

−
∫
�
u∗
ij(x; y)nk(y)�(y)uj(y)uk(y) d�(y)
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+
∫
�
u∗
ij; k(x; y)�(y)uj(y)uk(y) d�(y)

+
∫
�
u∗
ij(x; y)�(y)bj(y) d�(y)−

∫
�
u∗
ij(x; y)

@�uj
@t

d�(y)

+
∫
�
u∗
ij; j(x; y)p(y) d�(y) (14)

where

u∗
ij; k(x; y) =

−1
32��r2

{7�ijr;k −�ikr;j −�jkr;i+3 r;i r;j r;k } (15)

u∗
ij; j =

−3r;i
16��r2

(16)

Equation (14) is a general boundary integral equation valid for steady, unsteady, compressible,
and incompressible �ows. From the kernel function t∗ij(x; y) in Equation (13), we can see that
the second integral in Equation (14) is strongly singular when the source point (collocation
point) x approaches the �eld point y. Therefore, Equation (14) is only bounded for internal
collocation points. Fortunately, the rigid body motion strategy can be used to handle this
integral for boundary collocation points. The procedure is exactly the same as in the conven-
tional BEM [25]. It is not repeated here. Except for the second integral, all other integrals
in Equation (14) are weakly singular and therefore can be evaluated accurately by using the
element=cell sub-division technique [25].
In Equation (14), pressure p appears in the domain integral and therefore one more equation

is needed for this unknown. In addition, the velocity=traction–pressure coupled equation set
may result from Equation (14). In the next section, one more equation will be provided based
on the continuity equation and the pressure can explicitly be expressed in terms of velocities
and tractions.

4. PRESSURE EQUATIONS BASED ON CONTINUITY EQUATION

The continuity equation (1) can be written as

@�
@t
+ ui

@�
@xi

+ �
@ui
@xi

= 0 (17)

In order to use this equation, the divergence of velocity, @ui=@xi, needs to be determined.
For internal points, it can be obtained by directly di�erentiating the basic integral equation
(14). However, for points located on the boundary of the problem, directly di�erentiating
Equation (14) results in a hyper-singular boundary integral and consequently gives rise to a
di�culty in numerical computation. In this paper, the traction-recovery method will be used
for boundary points.
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4.1. Pressure equations for internal points

Di�erentiating Equation (14) with respect to the source point x yields

@ui(x)
@xi

=
∫
�

@u∗
ij(x; y)
@xi

tj(y) d�(y)−
∫
�

@t∗ij(x; y)
@xi

uj(y) d�(y)

−
∫
�

@u∗
ij(x; y)
@xi

nk(y)�(y)uj(y)uk(y) d�(y)

+
∫
�

@u∗
ij; k(x; y)
@xi

�(y)uj(y)uk(y) d�(y)

+
∫
�

@u∗
ij(x; y)
@xi

�(y)bj(y) d�(y)−
∫
�

@u∗
ij(x; y)
@xi

@�uj
@t

d�(y)

+
∫
�

@u∗
ij; j(x; y)
@xi

p(y) d�(y) (18)

Let’s �rst handle the last domain integral of Equation (18). Cutting a small spherical
domain �� with radius � centred at point x from domain � (Figure 1) and noticing
that @( )=@xi= − @( )=@yi=−( ); i, we have

∫
�

@u∗
ij; j(x; y)
@xi

p(y) d�(y) =− lim
�→0

∫
�−��

u∗
ij; ji(x; y)p(y) d�(y)− p(x) lim

�→0

∫
��

@u∗
ij; j(x; y)
@yi

d�(y)

=−
∫
�
u∗
ij; ji(x; y)p(y) d�(y)− p(x) lim

�→0

∫
��
u∗
ij; j(x; y)ni d�(y)

where �� is the spherical surface of the domain ��. By di�erentiating Equation (16), we
can �nd that u∗

ij; ji(x; y)=0. So the �rst integral on the right-hand side of the above equation

Γ

Ω

x

ε

εΩ
εΓ

Figure 1. A small domain �� cut out from �.
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disappears and the second one can be easily integrated such that
∫
�

@u∗
ij; j(x; y)
@xi

p(y) d�(y)=
3
4�
p(x) (19)

Close inspection of other domain integrals in Equation (18) reveals that after direct di�eren-
tiation, the kernel @u∗

ij; k(x; y)=@xi will become strongly singular. This makes the corresponding
domain integral unbounded. To avoid this, the complex-variable method (CVM) introduced
in BEM by Gao et al. [26] is adopted to evaluate the derivatives of all kernels appearing in
Equation (18). Using CVM, the order of singularities can be reduced by one.
In CVM, the variable x of a real function f(x) is replaced by a complex one, x+ Ih with

h being the step size. The derivative of the above equation can be expressed [26] as:

df
dx
=
Im(f(x + Ih))

h
(20)

where the symbol ‘Im’ denotes the imaginary part. In numerical implementation, the step-size
h is usually set to 10−20, so that the result is step-size independent. As an example, let’s
consider the function f(x; y; z)= x2y+xz. Apparently, @f(x; y; z)=@x=2xy+ z. If using CVD,
it follows that

f(x + Ih; y; z) = (x + Ih)2y + (x + Ih)z = [(x2 − h2)y + xz] + h(2xy + z)I
The imaginary part of this expression is Im(f(x+ Ih; y; z)) = h(2xy+ z) and immediately we
obtain that

Im(f(x + I h; y; z))
h

=2xy + z

This is exactly the same as the analytical solution.
CVM can be easily used to evaluate the derivatives appearing in Equation (18). Let’s con-

sider the co-ordinates at the source point x as complex variables by adding a small imaginary
part Ih to the ith co-ordinate. According to Equation (20) and accounting for Equation (19),
it follows from Equations (17) and (18) that

p(x) =−
∫
�
u′
j
∗(x; y)tj(y) d�(y) +

∫
�
t′j

∗(x; y)uj(y) d�(y)

+
∫
�
u′
j
∗(x; y)nk(y)�(y)uj(y)uk(y) d�(y)

−
∫
�
u

′∗
j; k(x; y)�(y)uj(y)uk(y) d�(y)

−
∫
�
u′
j
∗(x; y)�(y)bj(y) d�(y) +

∫
�
u′
j
∗(x; y)

@�uj
@t

d�(y)

−4�
3�

(
ui
@�
@xi

+
@�
@t

)
(21)
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where

u′
j
∗(x; y) =

4�
3h
Im(u∗

ij(xi + Ih; y))

t′j
∗(x; y) =

4�
3h
Im(t∗ij(xi + Ih; y))

u
′∗
j; k(x; y) =

4�
3h
Im(u∗

ij; k(xi + Ih; y))

(22)

Comparison of Equation (21) with Equation (14) reveals that the singularities involved in the
expression of the divergence of the velocity are the same as those occurring in the velocity
integral equation (14). Therefore, every integral in Equation (21) can be evaluated accurately.
Equation (21) can only be applied to internal points. For boundary points, the kernel t′j

∗ is
still singular even using CVM, so the traction-recovery method is used in this paper.

4.2. Pressure equations for boundary points

For a boundary point x, a local Cartesian co-ordinate system x′
I is de�ned, in which the axes

x′
1 and x

′
2 are tangential to the boundary surface and x

′
3 is directed in the normal direction

(Figure 2).
The velocity and traction along the normal direction can be expressed as

un = uini

tn = tini
(23)

and derivatives along the normal direction are calculated by

@
@n
= ni

@
@xi

(24)

′x1
′x2

′x3

n

x

Figure 2. Local orthogonal set of axes over boundary surface.
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With relationships (23) and (24) in mind, substituting Equation (3) into Equation (4) and
multiplying both sides with nj, it follows that

tn= − p+ 2� @un
@n

− 2�
3
@ui
@xi

(25)

Noticing that the quantity, @ui=@xi, is independent of orthogonal co-ordinate systems, the
divergence of velocity can be expressed in the local co-ordinate system as

@ui
@xi
=
@un
@n

+ �� (26)

where

��=
@u′
1

@x′
1
+
@u′

2

@x′
2
=
@u′
I

@x′
I
(I =1; 2) (27)

In Equation (27), u′
1 and u

′
2 are tangential components of velocity which, along with the local

co-ordinates, are related to global values by

u′
I = LIjuj

x′
I = LIjxj

(28)

where LIj (I =1; 2; j=1; 2; 3) are the direction cosines of the axes x′
1 and x

′
2. The determi-

nation of LIj and ni can be found in references (e.g. Reference [25]).
To determine @u′

I =@x
′
I explicitly in Equation (27), we need to use shape functions N�(	; 
)

de�ned for a boundary element including point x. The velocity and co-ordinates at point x
with the intrinsic co-ordinates (	; 
) can be expressed as

uj =
∑
�
N�(	; 
)u�j

xj =
∑
�
N�(	; 
)x�j

(29)

where u�j and x
�
j are the jth components of the velocity and co-ordinates at node �, respec-

tively. The shape functions N�(	; 
) can be found in BEM and FEM books [25].
Using Equations (28) and (29), we have

��=
@u′
I

@x′
I
=
@u′
I

@	
@	
@x′
I
+
@u′

I

@

@

@x′
I
=LIj

∑
�
u�j

(
@N�(	; 
)
@	

@	
@x′
I
+
@N�(	; 
)
@


@

@x′
I

)
(30)

where @	=@x′
I and @
=@x

′
I can be computed using the following matrix equation:



@	
@x′
1

@	
@x′
2

@

@x′
1

@

@x′
2


 =



@x′
1

@	
@x′
1

@


@x′
2

@	
@x′
2

@





−1

(31)
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where

@x′
I

@	
=LIj

∑
�
x�j
@N�(	; 
)
@	

@x′
I

@

=LIj

∑
�
x�j
@N�(	; 
)
@


(32)

Now that the quantity �� is determined by Equation (30), the continuity equation (17) can be
written by using Equation (26) as

�
@un
@n
= − ��� − ui @�@xi − @�

@t
(33)

Finally, substituting Equations (33) and (26) into Equation (25), we obtain

p = −tn − 2��� − 4�
3�

(
ui
@�
@xi

+
@�
@t

)
(34)

From this equation it can be seen that in general the pressure p is not equal to the normal
surface force tn in value even for a steady incompressive viscous �ow. The tangential strain
rate �� also has a contribution to the pressure value. This phenomenon will be clari�ed in
numerical example 6.3.
Equations (34) and (21) are used to close the equation set provided by Equation (14)

for problems with unknowns being velocity=traction and pressure in incompressible �ows.
For compressive �ows, the density � is also unknown. In this case, the energy equation and
equation of state are required to close the �nal system of equations. This will be described
in another paper.
As will be seen in the next section, Equations (34) and (21) enable us to eliminate the

pressure term from the �nal system of equations.

5. NUMERICAL IMPLEMENTATION FORMULATIONS FOR STEADY
INCOMPRESSIBLE FLOWS

Equations (14), (21), and (34) are applicable to general viscous �ows. In this section,
the detailed numerical implementation of these equations in steady incompressible �ows is
described. In this case, the following equations should be applied to Equations (14), (21),
and (34):

@�
@xi
=0;

@�
@t
=0;

@�uj
@t

=0 (35)

Numerical implementation of Equations (14), (21), and (34) requires discretization of the
boundary � into boundary elements and the domain � into internal cells. As in Equation
(29), for each boundary element or internal cell, the velocity, traction and pressure can be
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expressed in terms of their nodal values through shape functions as follows:

uj =
∑
�
N�u�j (36)

tj =
∑
�
N�t�j (37)

p=
∑
�
N�p� (38)

where N� are shape functions for boundary elements and internal cells [25], p� represents the
value of pressure p at node �. For the sake of simplicity to assemble, the non-linear term
ujuk is approximated using the following equation:

ujuk =
∑
�
N�u�j u

�
k (39)

Substituting Equations (35)–(39) into the discretized form of the integral equation (14) and
collocating x for all boundary nodes (rigid body motion is used for determination of diagonal
terms) yields the following algebraic matrix equation:

[H ]{u} = [G]{t}+ {b}+ [Cb]{p}+ [Db]{u2} (40)

where {u} and {t} are vectors consisting of velocities and tractions at all boundary nodes,
respectively, and {b} is a constant vector associated with body forces. And {p} and {u2} are
vectors consisting of pressure and velocity products at all nodes (i.e. boundary and internal
nodes). The latter can be clearly shown as

{u2}= {(u11)2; u11u12; u11u13; (u12)2; u12u13; (u13)2;

: : : ; (un1)
2; un1u

n
2; u

n
1u
n
3; (u

n
2)
2; un2u

n
3; (u

n
3)
2}T (41)

in which n is the total number of all nodes.
In each direction of a boundary node, either velocity or traction is speci�ed as a bound-

ary condition. So after applying boundary conditions to Equation (40) and rearranging the
equation, it follows that

[Ab]{X }= {Yb}+ [Cb]{p}+ [Db]{u2} (42)

where {X } is a vector consisting of unknown velocities and unknown tractions, and {Yb} is
a known vector.
Similarly, for internal nodes, Equation (14) gives

{uI}=[AI ]{X }+ {YI}+ [CI ]{p}+ [DI ]{u2} (43)

where {uI} is a vector consisting of all velocities at internal nodes. Finally, from
Equations (21) and (34) we have

{p}=[Ap]{X }+ {Yp}+ [Dp]{u2} (44)
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It is noted that in Equation (44), the matrix [Dp] has zero value at the position of boundary
nodes.
Manipulating the set of equations (42)–(44), we obtain

{X }= {Y x}+ [Dx]{u2} (45)

{uI}= {Y I}+ [DI ]{u2} (46)

{p}= {Yp}+ [Dp]{u2} (47)

where

{Y x}= [A]−1({Yb}+ [Cb]{Yp})
{Dx}= [A]−1([Db] + [Cb][Dp])
[A] = [Ab]− [Cb][Ap]

(48)

{Yp}= {Yp}+ [Ap]{Y x}
[Dp] = [Dp] + [Ap][Dx]

(49)

{Y I}= {YI}+ [AI ]{Y x}+ [CI ]{Yp}
[DI ] = [DI ] + [AI ][Dx] + [CI ][Dp]

(50)

Equations (45)–(47) constitute the �nal system of equations with {X } and {uI} as unknowns.
For the cases of very slowly �owing �uids (Stokes �ow problems), the terms related to {u2}
are very small compared with other terms and thus may be neglected. In these cases, the
solutions of problem are directly given by {Y x}, {Y I} and {Yp}. However, for general cases,
the terms associated with {u2} are not small and are non-linear in velocity. Therefore, an
iterative process is needed to solve the equation set (45)–(47). Among these three equations,
only Equations (45) and (46) are needed in the iterative solving process. Once the iteration
converges, the values of velocities are plugged in Equation (47) to compute pressures.
In the assembling process of the above system of equations, it can be seen that the inverse

of matrix [A] is needed in Equation (48). The order of matrix [A] is three times that of the
number of boundary nodes. For problems with a moderate number of surface nodes, inverting
matrix [A] takes little time. However, for problems with a huge number of surface nodes, this
process takes considerable computational time. In this case, using a powerful matrix inverse
tool is important, although the Gauss–Jordan elimination method is used in this study.
The advantage of this representation of the system of equations over the existing ‘pseudo-

body force’ representations is that the velocities explicitly appear in the system of equations.
Therefore, the �rst and second derivatives of the system with respect to velocities can easily be
derived so that any advanced non-linear equation solver can be applied to solve the system of
equations. In this paper, the program HYBRJ [27] using the modi�ed Powell hybrid algorithm
is adopted to solve the equation set (45) and (46).

Copyright ? 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:19–43



BOUNDARY ELEMENT FORMULATION FOR 3-D VISCOUS FLOW 31

6. NUMERICAL EXAMPLES

Three numerical examples of steady incompressible viscous �ows are presented to demonstrate
the correctness and potential of the theory presented in this paper. The �rst two are well-
known two-dimensional �ows which have analytical and benchmark solutions to verify. They
are simulated using 3D models. The third one is a truly 3D pipe �ow subjected to a body
force. All these examples were computed on a PC computer (2GHz, 256Mb RAM).

6.1. Poiseuille �ow

In order to validate the formulations derived in this paper, the simplest Poiseuille �ow is
considered �rst. The �uid �ows between two �at plates under constant pressure gradient
without body forces (Figure 3). For this simple problem, analytical solutions are available
[28]. The horizontal velocity can be expressed as

ux= − p′

2�
z(H − z)

where H =1 is the distance between upper and lower surfaces, p′=dp=dx=10 is the gradient
of pressure.
To model this problem, a rectangular prism is used for BEM mesh (Figure 4), which is

discretized into 1144 equally spaced four-noded boundary elements with 1146 boundary nodes

x

z

p=0p=30

3

11=µ

Figure 3. Geometry and boundary condition for Poiseuille �ow in x–z plane.

x

z

y

Figure 4. BEM model of Poiseuille �ow.
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Table I. Horizontal velocities along z direction.

z 0.125 0.25 0.375 0.5 0.625 0.75 0.875

Current 0.548854 0.94032 1.175236 1.253541 1.175237 0.940322 0.548857
Exact 0.54687 0.9375 1.17187 1.25 1.171875 0.9375 0.546875

0

0.2

0.4

0.6

0.8

1

0 0.3 0.6 0.9 1.2 1.5

ux

z

Current

EXACT

Figure 5. Velocity pro�le along vertical direction.

and 960 eight-noded internal cells with 435 internal nodes. The ‘no-slip’ condition is applied
to upper and lower surfaces and the ‘slip’ condition to front and back surfaces. The boundary
conditions on left and right surfaces can be expressed as

tx = p = 30;

uy = uz = 0;
on surface x = 0

tx=p=0;

uy= uz=0;
on surface x = 3

Table I lists the computed horizontal velocities and analytical solutions along z direction
at middle section. Figure 5 plots the pro�le of the horizontal velocity. Since this problem
is density-independent, only two iterations are needed to reach the convergence tolerance
of 10−8.
From Figure 5, we can see that the results from the current method are in good agreement

with the exact solutions.

6.2. Driven �ow in an unitary square cavity

The second numerical example concerned is a unitary square cavity (Figure 6). The top
surface moves with a uniform velocity of 1 in the horizontal direction, while the left, right
and bottom surfaces are �xed, including the four corners of the top surface. The front and
back surfaces are applied by ‘slip’ condition. Ghia et al. [29] provided a benchmark solution
that is commonly cited for comparison purposes (e.g. References [13, 30]).
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y

1=u

Figure 6. BEM model for driven cavity �ow.
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Figure 7. Horizontal velocity pro�le on vertical centre surface of the driven cavity.

The problem is discretized into 60 equally spaced linear boundary elements along x and z
directions and 1 element along y direction, with a total of 1920 boundary elements and 900
linear cells and 1922 boundary nodes. For this model, no internal nodes exist.
The Reynolds number is de�ned as Re=�UH=�, where U is the characteristic velocity and

H the characteristic length. In this example, the parameters are set as �=100; U =1; H =1,
and �=1. This implies that Re=100. Figure 7 shows the computed horizontal velocities on
the vertical centre surface of the cavity and Figure 8 depicts the vertical velocity pro�le on
the horizontal centre surface. The traction distribution over the top surface of the cavity is
plotted in Figure 9. Figure 10 gives the velocity vector plot. The computed vortex centre is
(0:6102; 0:7362), which is close to the result (0:6172; 0:7344) by Ghia et al. [29]. The iteration
history is shown in Figure 11 for the given convergence tolerance of 10−8. The convergence
is achieved after 31 iterations.
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Figure 8. Vertical velocity pro�le on horizontal centre surface of the driven cavity.
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Figure 9. Traction distribution along top surface.

Comparison of the current results with the benchmark solutions in Figures 7 and 8 indicates
that the method described in this paper is correct and the iteration history in Figure 11 shows
that fast convergence can be achieved using the current method.

6.3. Curved pipe �ow

The third example deals with the �uid �owing through a 3D curved circular pipe with radius
r=1 (Figure 12). The curvature of the pipe is determined by a radius of R=9. The �uid
with the property of �=1 and �=1 is subjected to a vertical body force of bz=10 and a
pressure P on the top surface. The discretized BEM model of this problem is shown in Figure
13. Due to symmetry about the x–z plane, only half of the model is used in computation.
The discretized half pipe consists of 672 linear boundary elements with 719 boundary nodes
and 2880 linear cells with 2784 internal nodes. Three di�erent sets of boundary conditions
applying to the two end surfaces are considered (Table II). The �rst condition (B.C.1) is
the traction boundary condition. The second (B.C.2) is the velocity=traction mixing boundary
condition, that is, the tangential velocity is constrained and normal traction is speci�ed. The
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Figure 10. Velocity vectors in the x–z plane.
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Figure 11. Iteration history for driven cavity �ow.

third set of boundary conditions (B.C.3) is the free boundary condition (applied traction being
zero) and only the body force is imposed through the domain.
Figure 14 is the computed velocity vector plot for di�erent cross-sections over the vertical

central plane y=0 using B.C.1, where the velocity vector is scaled by multiplying with a
factor of 0.2. Figure 15 is the plot without scaling. Table III lists the results at positions
of maximum velocity over the di�erent sections numbered in Figure 14. Figure 16 is the
contour plot of pressure over the vertical central plane. The results for B.C.2 and B.C.3 are
shown in Figures 17 and 18 and Tables IV and V. Since the velocity vector plots for B.C.2
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r = 1

p=P

R=9

p=0

b=10

Figure 12. Flow through a curved pipe.
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z Top cross-section plane
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y

Vertical central plane
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uy =0

uz=0

Lower end surface

Upper end surface

Figure 13. BEM model of the curved pipe.

Table II. Three sets of boundary conditions speci�ed on two end surfaces.

Upper end surface Lower end surface Remarks

B.C.1 tx = ty =0; tz = − 50 tx = ty = tz =0 Traction condition
B.C.2 ux = uy =0; tz = − 50 uy = uz = 0; tx = 0 Mixing condition
B.C.3 tx = ty = tz =0 tx = ty = tz =0 Body force only
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Figure 14. Scaled velocity vector plot for di�erent sections over vertical central plane using
traction boundary condition (B.C.1).

Figure 15. Full velocity vector plot for di�erent sections over vertical central plane using
traction boundary condition (B.C.1).

and B.C.3 are similar to those from B.C.1, they are not plotted here. The iteration history is
shown in Figure 19 for B.C.1 for the given convergence tolerance of 10−8. The convergence
is achieved after 16 iterations.
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Table III. Results at maximum velocity position of each section over the vertical
central plane y=0 (see Figure 14) using traction boundary condition (B.C.1).

Section x z ux uz |u| p

1 10.000 −10.250 1.9593 −0.6504 2.0644 −1.6262
3 8.8179 −9.8488 1.5734 −0.3890 1.6208 9.1021
5 7.7094 −9.6240 1.7870 −0.5257 1.8627 16.0389
7 6.6745 −9.3255 1.8425 −0.7386 1.9851 22.1204
9 5.7133 −8.9534 1.8423 −0.9610 2.0778 27.2860
11 4.8257 −8.5076 1.8029 −1.1930 2.1619 31.5646
13 4.0118 −7.9882 1.7290 −1.4325 2.2453 35.0271
15 3.2715 −7.3952 1.6234 −1.6750 2.3326 37.7730
17 2.6048 −6.7285 1.4890 −1.9151 2.4259 39.9218
19 2.0118 −5.9882 1.3305 −2.1477 2.5265 41.6027
21 1.4924 −5.1743 1.1538 −2.3712 2.6370 42.9407
23 1.0466 −4.2867 0.9659 −2.5867 2.7611 44.0433
25 0.6745 −3.3255 0.7752 −2.8086 2.9137 44.9647
27 0.3760 −2.2906 0.5868 −3.0871 3.1424 45.6331
29 0.1512 −1.1821 0.3579 −3.6088 3.6265 45.5448
31 0.1250 0.0000 0.0289 −2.3579 2.3581 53.1565

Figure 16. Contour plot of pressure over the vertical central plane using
traction boundary condition (B.C.1).

From Tables III and V, it can be seen that the pressure of section 31 is not equal to the
applied normal force P=50. This is because the tangential velocities ux and uy are not zero
and therefore the resulting tangential strain rate �� has a contribution to the pressure (see
Equation (34)). However, this phenomenon does not occur in the case of B.C.2, where the
tangential velocity is constrained and thus the pressure of section 31 is exactly the value of
the applied normal force P=50. It is interesting to note that the maximum pressure in the
body force case (B.C.3) occurs in the middle part of the tube rather than on the top of the
tube as in the cases of B.C.1 and B.C.2.
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Figure 17. Contour plot of pressure over the vertical central plane using tangential velocity and normal
traction boundary condition (B.C.2).

Figure 18. Contour plot of pressure over the vertical central plane using body
force only boundary condition (B.C.3).

6.4. Computational time

During computation, the computational time has been recorded for three periods. The �rst
period is from the beginning to end of the evaluation of all boundary and domain integrals in
Equations (14) and (21). To ensure computational accuracy and save computational time, the
adaptive integration technique [25] is employed. The number of Gauss points in the use of
the Gauss quadrature is determined by the minimum distance between the source point and
�eld point and the size of the element=cell under consideration. The second period refers to
the forming of all matrices of system Equations (45)–(47). And the last period is the time
spent solving the system of equations using the modi�ed Powell hybrid algorithm. Table VI
lists the computational time for the three examples described above in the three computational
periods.
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Table IV. Results at maximum velocity position of each section over the vertical
central plane y=0 (see Figure 14) using tangential velocity and normal traction

boundary condition (B.C.2).

Section x z ux uz |u| p

1 10.000 −10.250 2.0251 0.0000 2.0251 0.0000
3 8.8179 −9.8488 1.5241 −0.5572 1.6227 9.5336
5 7.7094 −9.6240 1.7535 −0.6085 1.8561 16.3958
7 6.6745 −9.3255 1.8135 −0.7952 1.9802 22.3943
9 5.7133 −8.9534 1.8158 −1.0043 2.0750 27.4799
11 4.8257 −8.5076 1.7783 −1.2283 2.1613 31.6812
13 4.0118 −7.9882 1.7062 −1.4622 2.2470 35.0681
15 3.2715 −7.3952 1.6020 −1.7009 2.3366 37.7390
17 2.6048 −6.7285 1.4691 −1.9385 2.4323 39.8117
19 2.0118 −5.9882 1.3118 −2.1698 2.5355 41.4133
21 1.4924 −5.1743 1.1360 −2.3931 2.6491 42.6663
23 1.0466 −4.2867 0.9487 −2.6102 2.7773 43.6740
25 0.6745 −3.3255 0.7582 −2.8367 2.9362 44.4831
27 0.3760 −2.2906 0.5676 −3.1257 3.1768 45.0054
29 0.1512 −1.1821 0.3241 −3.6385 3.6529 44.6710
31 0.1250 0.0000 0.0000 −2.4893 2.4893 50.0000

Table V. Results at maximum velocity position of each section over the vertical
central plane y=0 (see Figure 14) using body force only condition (B.C.3).

Section x z ux uz |u| p

1 10.000 −10.375 1.4924 −0.6161 1.6146 −0.8171
3 8.8179 −9.8488 1.1560 −0.2889 1.1915 5.6939
5 7.7094 −9.6240 1.2718 −0.3390 1.3162 9.8961
7 6.6745 −9.3255 1.2969 −0.4812 1.3833 13.2274
9 5.7133 −8.9534 1.2880 −0.6300 1.4338 15.6751
11 4.8257 −8.5076 1.2536 −0.7838 1.4785 17.2654
13 4.0118 −7.9882 1.1959 −0.9401 1.5212 18.0464
15 3.2715 −7.3952 1.1165 −1.0951 1.5639 18.0824
17 2.6048 −6.7285 1.0176 −1.2442 1.6074 17.4490
19 2.0118 −5.9882 0.9029 −1.3828 1.6514 16.2261
21 1.4924 −5.1743 0.7767 −1.5086 1.6968 14.4896
23 1.0466 −4.2867 0.6443 −1.6196 1.7431 12.3039
25 0.6745 −3.3255 0.5114 −1.7213 1.7957 9.7078
27 0.3760 −2.2906 0.3829 −1.8300 1.8696 6.6971
29 0.1512 −1.1821 0.2437 −2.0250 2.0396 3.1584
31 0.1250 0.0000 0.0348 −1.5443 1.5447 2.1552

From the above table we can see that the distribution of computational time in three periods
is di�erent for di�erent problems. Since the problem is density-independent in the �rst example
(Poiseuille �ow), the third period occupies a very small portion of the total computational
time. Since there are no internal nodes in the second example (driven cavity �ow), Equation
(21) is not used and consequently the �rst period occupies a very small portion of the total
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Figure 19. Iteration history for pipe �ow.

Table VI. Computational time in di�erent stages (min).

Number of Number of Time for Time for Time for Total
boundary total evaluation of forming solving time

Example nodes nodes integrals system system (min)

Poiseuille 1146 1581 18 61 15 94
Cavity 1922 1922 8 172 26 206
Pipe 719 3503 86 43 92 221

computational time. The common phenomenon in the three examples is that the second period
occupies more computational time, especially in the second example. This is due to the use
of the simple Gauss–Jordan elimination method to invert the matrix [A] in Equation (48).
To reduce the computational time in this period, a robust matrix inverse tool is needed.

7. CONCLUDING REMARKS

A new boundary-domain integral equation method is presented for three-dimensional viscous
�ow. The derived formulation is general and promising, applicable to steady, unsteady, com-
pressible, and incompressible �ows. Three numerical examples for steady incompressible �ows
demonstrated the correctness and potential of the method.
For internal points, the complex-variable technique is employed to compute the pressure

and, therefore, no strongly singular domain integrals need to be treated. For boundary points,
explicit formulation is given for computing the boundary pressure.
The distinct advantage of the derived formulation is that no velocity gradients and pressure

appear in the system of equations. Therefore, the system of equations has far less unknowns
than in FDM and FEM and faster iteration convergence can be achieved than in the existing
BEM.
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In this paper, the Gauss–Jordan elimination method is used to invert the boundary coef-
�cient matrix [A] and the modi�ed Powell hybrid algorithm is employed to solve the �nal
system of equations. To improve the computational e�ciency, more powerful tools may be
used. For very complicated problems, Multi–Region technique [19, 31] should be incorporated
into this method to reduce the equation size and computer storage.
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